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NOTE ON SERIES OF ANALYTIC FUNCTIONS* 
By CESARE ARZELA 


I. 


In the “ Note on the functions defined by infinite series whose terms are 
analytic functions of a complex variable, etc.,+” Professor Osgood has demon- 
strated the following theorem, the generality and importance of which are 
obvious. 

“Tf the infinite series 

Ai(2) +fa(z) +--- (1) 
whose terms are all functions of z, single valued and analytic throughout a 
region T of the complex z-vlane, converges for all values of z pertaining toa 
set of points which is everywhere dense throughout T (and which, in particular, 
may be enumerable) ; and if, furthermore, the relation 


A(z) +--+ +fl2)|3 6 
holds for all points z of this set (and hence of T), and for all values of n, G 
being a positive constant, then the series converges for all values of z in T and 
the function F(z) defined by the series: 
F(z) =fi(2) + A(z) +--+ 

ts analytic throughout T.” 

The simplicity of the following demonstration, which depends on certain 
propositions already obtained by the author, may justify its publication. 


II. 
The propositions in question are the following : 
If there be in a region 7’ of the x, y plane an infinite set of functions 


(a) Uy (2, Y)s U(X Y)y soo U(BY)r +++, 


each continuous and included between the fixed numbers / and Z then: 





* The editors acknowledge their indebtedness to Dr. C. N. Haskins, who has kindly per- 
formed the task of translating this article from the Italian manuscript, and of adding in §vm 
a translation of an extract from one of the author’s earlier papers. 

+ Osgood, ANNALS OF MATHEMATICS, ser. 2, vol. 3 (1901-02), p. 26. 
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1. The necessary and sufficient condition that there exist at least one 
continuous limiting function for this set is that the set contain an infinite 
number of functions which are equably continuous. 

2. A-set of functions taken from the set @ is said to be equably continu- 
ous in Tif, given an arbitrarily small positive number o, a positive number 
8 can always be found such that in every part of 7’ whose maximum chord does 
not exceed 6 the oscillation of each of the functions in question is less than o. 

3. <A sufficient condition for the equable continuity of such a set of 
functions is that the two difference quotients 





u(x, Y) — u(t, Y) u(r, Y¥y) — U(®, Ye) 
a ee ee 
remain between two finite numbers / and Z, for all functions u(z, y) of the 
set, and for all points (2, 7), (22, ¥), (4, 41), (2 Ye) possible in 7’. 
4. If the partial derivatives 





cu Cu 
Gx’ by 
exist, it is sufficient that in 7’, including the contour, they lie between fixed 
numbers. 
These propositions are demonstrated by methods similar to those used by 
the author in an earlier paper for the corresponding propositions in the theory 
of functions of a single variable.* 


ITl. 


Let us recall further from the theory of analytic functions of a single 
variable the propositions :— 
1. Given an ordered set, 


$i(zZ), $2(Z),-++5 O(2),°-> 
of single valued analytic functions uniformly convergent in 7’ to a function 
F(z), then this function is in 7'a single valued analytic function. 
2. The series of derivatives 
Pilz), GalZ),- ++, Pi(zZ)r->> 


converges uniformly to f’(z). 








* See §vir where those portions of this paper with which we are here concerned are 
reproduced. 
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NOTE ON SERIES OF ANALYTIC FUNCTIONS 


IV. 


The above being assumed, let us consider a succession of functions single 
valued and analytic in 7’: 


(1) $i(2), $2(z), eed $,(2), Pee 


for each of which there exists at least one point z (which may vary from fune- 
tion to function) in which 


(2) \.(2)| <M, 
M being a fixed number (the same for every z in 7’) and 
(3) \$:(2)| < L, 


L being likewise a fixed number. Then there exists at least one single valued 
analytic function S(z) to which one succession of functions taken from (1) 
converges uniformly. 

If we putz=x2+yr, ,(z) = u,(z, y) + tv,(x, 7) then from (2) fol- 
lows that, in some point (z, y), we have 


(4) \us(2,y)| < M, 
\v,(%,y)| < M, 


whatever be s. The point (x, y), however, may vary with s. From 


‘ Ou, .0v, OV, .0U, 
(2) = B+ 55 dy Oy 


follows that the condition (3) is equivalent to the following : 














Ou, L, ou, <L, 
- Ox oy 
(5) 
Ov, ov, L 
aa ’ ay < ° 














This last condition gives, by means of §II, (4), that the successions 
(6) u,(%,Y), U,(x, Y); alii: u,(x, Y); ads 


(7) (L,Y), UCT Yrs +s UY) +>: 
are equably continuous. 
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For, from the identity 





u(x th ytk)—u(x,y) = u(x t hey 3 ws am ws athe hy) hk 


(x+h, vy) —u(4, y) 
4 ieee eaee neni h 
(in which (x, y) may be for each of the functions the point in which the rela- 
tions (4) are true, and (x + /,y +) any point whatever in 7’), and by 
means of (5), we see that all the u,(2, y) remain always in absolute value less 
than a fixed number* 
M + pld, 

where d is the longest chord which can be drawn in 7’, and pis a fixed integer. 
The same holds for the v,(z,y). The succession of functions (6) satisfies 
the conditions of proposition (2) §II. There is, therefore, for this succes- 
sion at least one continuous limiting function u(x, y). 

The particular succession of functions converging uniformly to u(x, 7) 
may for example be chosen by taking from (6) those functions of smallest 
index, s, satisfying the inequalities 


(u(r, y) — Ua (e, Y¥)\<.e, 


|u(x, y) —uU, (2, y)\< 5? 


€ being a small positive number which may be taken at pleasure. 
Under this assumption, the succession 


(8) Us (ZY), Un(Z,Y), °° + 


converges uniformly to u(x, y) throughout 7. The succession of associated 
functions 


(9) Un(ZY)> (2, Y), °° > 
will also admit continuous limiting functions. We cannot say at once that it 
will admit but one. Let, however, v(x, y), v(x, y) be two such functions. 


Then we shall find that their difference is a constant. For let v'(z, y) be the 
limiting function to which the succession 


(9’) v, (%,Y), U,, (2, Y)s° 





* By means of lines parallel to the axes and wholly contained in 7, in number fewer than 
a fixed number p, we may always join the point (z, y) to the point (z + h, y+hk). 
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taken from (9) converges uniformly, and similarly let v(x, y) be the fune- 
tion to which the succession 

” ° _ 
(9") Us, (#5 Y)> v%, (x, Y)sere 

2 

converges uniformly. Then if we consider the succession of functions asso- 
ciated with (9') and (9”), ¢. e. 


Us (LrY), Us (ZY), -°> 
1 2 

and 

Uy (z, Y)s Uy (x, Y)s ees 
these two, forming a part of (8), converge to a single function u(z, y). But 
the two successions of analytic functions 

Us (2, y¥) + wv, (2, Y), Us (%, YY) + vs (2, y)--- 
1 1 2 "s 


and 
Uy (2, y) + 1, (x,y), Us (*,Y) + iV, (t,y)--- 
converge uniformly to the functions 
u(x,y) + w'(x,y), ule, y) + ww" (x, y) 
respectively, which will be, therefore, single valued and analytic in 7. From 
this it follows that v'(z, y) and v"(z, y), as asserted, differ at most by a con- 
stant. The proposition is proved. 


V. 


Consider now Osgood’s hypothesis. 
1. Let fi(z), fo(2), . - - be analytic functions in T, and, letting 


8, (2) =f; (2) + f2(z) . dialled + fn(2)s 
suppose we have for every n, and for every z in T, 


|8,(z)| <L, 
where Z is fixed. 
For a moment let us suppose 7’ simply connected. Then consider the series 


fiw + [A@e Bei Ras 
and let Ss ™ 
Si(2) = [Adz + [Fl@)dz + +--+ [rere 


zy being an arbitrary fixed point and z any variable point whatever. 





gE mapa 
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The path of integration can always be considered as of length inferior to 

a given number H. It follows that 
WS, (2) < HL, 
for every n and for every z. But further 
Sn (2) = fi() + ffs) +++ +fn(2) = 8n(Z)> 
and consequently, by hypothesis, for every n and for every z, 
| Si,(2) < L. 
Consider now the succession 
Si(2), Sa(z), Pe S,(2), » 04 

There must exist one or more single valued analytic functions to each one of 
which converge uniformly successions of functions obtained from the given 
one. If =(z) is one of these limiting functions, for example the one to which 


the succession 


Sn,(Z),  Sa,(2). °° > 
converges, then the succession of the derivatives, 
S,(z), Sa(zZ).°--, 
will admit for limiting function the derivative 2'(z) which will be, moreover, 
an analytic function. 
2. Let us now adjoin the other hypothesis, viz., that the given series 
(a) Si(2) +fa(2) >>: 
shall be convergent in the points of a set everywhere dense in T. From this 
follows that any succession taken from the above, as 
Si(z), S3(z),--., 
converges always to a single limiting function. 
For if 2j(z), 23(z) are two such limiting functions, viz. those of the 
partial successions 
Sn,(2),  Sn(Z)s 0 +s Sn (Z)s °° +5 
Sn, (Z), Sz), ++-, Sn (2), 0+ 
respectively, then in all points z of the set in question they have the same 
limit, viz., that of the proposed series a; therefore, in all points of the every- 














NOTE ON SERIES OF ANALYTIC FUNCTIONS 57 





1904] 


where dense set of points the two functions 2{(z) = 24(z) coincide. They 
are continuous in those points, so that we have in all points of 7 
From this we have 

21(z) — =,(z) = C = constant, 


and since, in the point 2, all of the integrals 
Ki(2)dz ’ Tez) dz, ar 
Ze So 

are zero, it follows that C = 0 and 2,(z) = =,(z). 


We have, therefore, proved that, under the assumed hypothesis, the functions 
S,(z) converge with increasing n uniformly in 7'to a single valued analytic 
function 


S(2)= [Al2)ae + [poe tree, 


But then the derivative of this function is also a single valued analytic func- 
tion 
Sz) =f(Z) +Alz) +--+, 


and that was precisely what we wished to prove. 


VI. 


We have supposed in the demonstration of the last theorem that the re- 
gion 7’ was simply connected, but this restriction can be easily removed. 
The region 7' in which the series 


Si(2) +fa(2) ++ -- 


is given may be multiply connected. We reduce the problem by making it 
simply connected by introducing suitable cuts. Let T’ be the new region. 
By the preceding proposition the sum of the series 


S(z) =fi(z) +. A(z) + °°: 
will be a single valued analytic function in 7’. But we observe that the cuts 
may be deformed and that we may obtain from 7' another region 7", also 
simply connected, such that the original cuts fall wholly in 7”, in which the 
S(z) is by the same proposition a single valued analytic function. 
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S(z) is therefore a single valued analytic function in those parts of 7’ in 
which occur the cuts which form the boundary of 7”; and therefore is like- 


wise so in 7’. 


VII.* 


We shall now prove the propositions of which those of §II are the exten- 
sion. 

1. TuHeoreM. The necessary and suflicient conditions that a given suc- 
cession of functions 
(a) U(%), U(X), ess, 
defined in an intervala...6, may converge to a limiting function is that, 
given an arbitrarily small positive number o there can always be determined 
a corresponding integer m, such that for all values of x in the intervala.. . 4, 
and forall positive integers p, 


Um (©) — Un 4 p(t)|) <a. 
The proof of this proposition is similar to that of the corresponding proposi- 
tion for a succession of numbers 
My, Moy ss 
and may be omitted here. 
2. Derinition. A sel of functions 


Uy (F), U(L)y s+, UZ), - ++, 


all lving between two fixed limits / and Z, is said to be equably continuous if 





* §VIL is a translation of certain parts of the author's article ‘‘Sulle funzioni di linee,” 
Bologna, Accademia delle Scienze, Memorie, ser. 5, vol. 5 (1894), p. 225. 

A more general proposition than 3 is demonstrated in the memoir ‘‘ Sulle esistenza degli 
integrali nelle equazioni differenziali ordinarie,” Jbid, vol. 6 (1896), p. 131; also in the memoir 
‘* Sulle serie di funzioni,” Zbid, vol. 8(1899), p. 131 and p. 701; and (for the enunciation at least) 
in the note ‘Sul secondo teorema della media per gli integrali doppi,” Jbid, vol. 10 (1902), 
p. 99. 

Concerning propositions 3 and 5 and also Osgood’s theorem it may be noted that an 
analogous but somewhat less general theorem was stated by de la Vallée-Poussin in 1893. 

The consideration of the derivatives for the purpose of determining the equable con- 
tinuity of an infinite set of functions occurs, though under the restrictive hypothesis of the 
monotonic increase or decrease of all the functions, in the memoir of Ascoli, ‘* Le curve limite 
di una varieta data di curve,” Atti della R. Accad. dei Lincei, Memorie, ser. 3,vol. 18 (1882-83), 
p. 521; see also R. Istituto Lombardo, Rendiconti, ser. 2, vol. 21 (1884). 
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for every arbitrarily chosen positive number, c, there always exists a positive 
number, 6, such that, in every interval of length less than 8, all the functions 
u,(x) oscillate by less than c. 

3. THeoREM. The necessary and sufficient condition that a set of con- 
tinuous functions admit a continuous limiting function is that there exist 
among the set an infinite number of functions which are equably continuous. 

The condition is necessary. 

For suppose v(x) be a limiting function for the functions 


(a) U,(%), U(x%),--- 
of the succession. 

Taking c arbitrarily we can by (1) find the corresponding m,.° Since 
Um (x) is continuous, {we can find a 6 such that, in every interval of length 
less than 8, u,, (x) will oscillate by less than o. 

It follows from the inequality in (1) that each of the functions 


Um +1(%)> Umi 42(Z)s +++ 5 Um tp(%), °° > 
oscillates by less than 3¢ in every interval of length less than this same 6. 
The functions 
uj(%), U(%),---, Um —1(©) 
preceding Um (x) are finite in number, and hence we can find a number 6, such 
that in every interval of length less than 6 they oscillate by less than 3c. 


Hence in every interval of length less than the smaller of the two numbers 
6 and 6, each of the functions 


U(X), U(X), +--+, Up(X),--- 
oscillates by less than 3c. But 3o may be any number whatever, and, con- 
sequently, the equable continuity of the functions is established. 
The condition is therefore necessary. It is also sufficient. 
For suppose the functions 


U(X), Uy(%),-+-, U(X), --- 
are equably continuous. Then, given the arbitrarily small positive number 
a, we can find a positive number 6 such that each of the functions u,(2) can 
oscillate by more than o only in intervals of length greater than 5. For since 
the functions u,(x) are equably continuous, we can find for every positive a a 8 
such that u,,(2) oscillates by less than o in every interval of length less than 6. 
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Consider now the absolute value, 


| Up (x) — U(x) ], 
of the difference between any two functions of the set. This difference may 
in some point x be less than o, in others equal to or greater than c. 
Let us choose now from the given functions a all those functions, 


(8) Us (2), Us(Z)ys ++ 
such that the difference, 

|Us (X) — Ue (2) |, 
of any two of them is in some point x greater than or equal to o, but in all 
other points is less than ¢. Then we can show that the succession 8 contains 
at most a finite number of functions. 

The functions 8 are by hypothesis equably continuous. Each of them 
can therefore oscillate by more than o/4 only if x traverses an interval of 
length greater than a certain assignable value 6’. 

Hence if x is a point in which 

u,(x)—u,(r%) 2oe 
P q 
there will be an interval at least equal to 8’ in which the two functions differ by 


a quantity not less than o/2. 

Suppose now the functions 8 were infinite in number. The differences 

(Us (2) — Ug () |, [Ue (7) — Uy (7) |, + + 

are each, in some interval 8’, always greater than or equal to o/2 ; consequently 
there is a point x) which belongs to an infinite number of these intervals.* 
Therefore, in this point x», u, (~) differs from an infinite number of the functions 
8 by more than o/2 and consequently in a neighborhood of length 8” about the 
point x, it differs from them by more than a/4. 

Let the functions from which ~, (x) thus differs be 


(B’) Uns Ves ee 
Of the differences, 


Us — Ut, Uy — Ue es 








*This obvious fact may be regarded as a special case of a more general theorem. See: Ren- 
diconti della R. Accad. dei Lincei, ser. 4, vol. 1, p. 262, 1885, or Memorie della R. Accad. delle 
Scienze. Bologna, ser. 5, vol. 8, p. 130, 1899. 
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there will be an infinite number having the same sign, 7. e., there will cer- 
tainly be either an infinite number of functions greater than u,, or an infinite 
number less than u,. 

Suppose, for example, there are an infinite number greater than u,, and 
denote them by 


(B") Uys Ung * 


Starting from u, as previously from u, we may reason on the 8" as we 
have already done on the 8; and we find that among the A” there are an infi- 
nite number which in an interval 6” differ from u,, by more than o/4, the dif- 
ferences being all of the same sign. These functions we may denote by 


(8"") Vis Ui, 


The reasoning may be continued indefinitely in the same way. 

But now we notice that between the curve representing u, and the set of 
curves representing functions of the set 8” there lies an area of magnitude 
w, 2 &” «/4 bounded by two curves parallel to u, and by two ordinates. 

Between u,,, which is one of the 8”, and the set 8’ there is similarly an 
area 


o 
" 
w, 2 8 i} 


and, moreover, @, is external to @. 

This reasoning we may continue indefinitely, obtaining a set of mutually 
exclusive areas @,, @, - - - each greater than 6”c/4. But these areas must lie 
in a region of finite area. Therefore they cannot be infinite in number. 
Hence the functions 8 are finite in number. 

There may be several or an infinite number of sets of functions, which, 
like the functions 8, have the property of differing, each from each of the 
others by more than o in some point, but the number of functions composing 
any one set cannot exceed 

4(L —1) (b—a) 
bo 





Let one of these sets be 
(8) u, (x), Uy (x) oe Us (x). 


Of the remaining functions there can be none which differ from these by 
more than ¢ in any point, for if there were we should annex them to the set. 
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It follows that if we consider the neighborhoods 
u,(x) +o, 
Us,(x) + ¢, 


u,(x)—a--- 
u,(x%)—ao--- 
us (2x) —o-:: Us (x) +, 
then in one at least of these neighborhoods there must fall an infinite number 
of functions belonging to the given set. For if this were not true there 
would be an infinite number of functions differing from each of the 8 by 
more than o in some point, which is impossible. 

We have therefore proved that in the given set x there is a set of func- 
tions 
(a’) Un (LZ), Un(X)soe ss 
infinite in number, which in every point x differ from each other by less than 
2c. Similarly we may prove that in the set a’ there is a sub-set a” of func- 
tions which, taken in pairs, differ in every point z by less than o?. In the 
set a” we can then find a sub-set a@’”’, the functions in which differ from 
one another by less than o* in every point. This reasoning may be indefi- 
nitely continued. 

Let us take now a function w,,(x) from the set a (for example, u,, may 
be the function of lowest index), a function 1,,(2) from the set a’, a function 
u;,(x) from the set a”, ete. Then if o < 1 the set 


U, (2), U(r), Ui (L),-- 
satisfies the conditions of §VII, and consequently converges to a continuous 
limiting function, namely, to the function formed by the series 


My (L) + ((u,(2) _ "(2)) + (u(x) = ,(2)) ie £514 


The condition is therefore su ficient and the theorem is proved. 

It is obvious that there may be several or even an infinite number of 
limiting functions to which converge sets of functions taken from the set a. 

4. Consider now, more gencrally, a set of functions defined by a certain 
law in the interval a - - - 5, all of them being contained between finite limits 
Zand L. Let u(x) be any one of them and denote the set by 


G= {u(x) {. 


Two functions, ¢(x) and y(z) are said to determine a neighborhood of 
the function v(x) if $(x) < v(x) < H(z). 
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If now, however $(x) and (x) be taken, provided merely that they 
satisfy the above inequality, there exist an infinite number of functions of the 
set G such that $(x) < u(x) < (x), then v(x) is said to be a limiting func- 
tion of the set. It need not however be, itself, a function of the set. 

We see at once that, if G contains an equably continuous set of functions, 
it admits at least one limiting function. 


5. THeorem.* An infinite set of continuous functions will be equably 





continuous in the interval a - - - 6,.if the difference quiotient 
u(%) — U(%2) 
vr —_ Vo 


is, for every u(x) of the set, and for every pair of values x, and 2, possible 
in the interval a - - - 6, comprised between two finite numbers / and L. 

For let | Z| be the greater of the two numbers |/| and |Z/- Let h be 
an arbitrarily taken interval lying in the interval a---%; and 2, and 2,, 
those points of 4 which give u(x) its maximum and minimum values respect- 





ively. 
Then 
1 MDa HED g 7, 
x — X 
Whence 
u(x) — u(22) <IL! 
jy—mlo 
Therefore 
u(x) — U(%) S|x,— 2! | Li, 
and 


Dar Ss A\L\, 


D,,, being the oscillation of u(x) in the interval /. 
Since this is true from every function u(x) of the set, it follows that, ¢ 
being taken arbitrarily small, then in every interval of length 


Co 
h oun 
w< Z| 
u(x) will oscillate by less than ¢. But this is the condition for equable con- 


tinuity. 


Botoena, ITaLy, 
DECEMBER, 1902. 





*Arzela, loc. cit., p. 232. 
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GRAPHS OF THE FUNCTIONS II AND ¥ 
By E. P. R. Duva 


Tue diagram on the opposite page consists of two graphs drawn accurately 
to scale. The curves printed in full lines represent (for values of x between 
+ 3.and — 6) Gauss’s I-function, defined as an infinite product by the formula 


1 n= = n=+1 . 
BO= a5 TL, way esa — et 


The dotted curves represent (within the same limits) the function 


W(x) = : (log M(x). 


The graphs were plotted by means of Gauss’s tables for I(x) and V(x) 
for values of « between 0 and 1, and the relations 


I(x +1) = (#41) I(x), 


1 
VW(x+1)= -——% + V(z). 


The unit of length is the distance between two successive vertical asymptotes. 
II(z) evidently has maximum or minimum points for all values of x for 
which V(x) = 0. It was partly to illustrate this fact that the two graphs were 
drawn on the same pair of axes. 
The only similar figure which the writer has seen is a somewhat rough 


graph of I'(x) in Maurice Godefroy’s “La Fonction Gamma,” page 63, or his 
“Théorie Elementaire des Séries,” page 250. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MASSACHUSETTS. 
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EXAMPLES OF NON-APPLICABLE SURFACES HAVING 
THE SAME GAUSSIAN CURVATURE AT 
CORRESPONDING POINTS 


By ArtTHuR SULLIVAN GALE 


Stickel and Wangerin* have given examples of pairs of non-applicable 
surfaces which have the same total curvature at corresponding points; 7. e., 
examples showing that the necessary condition for applicability afforded by 
Gauss’s theorem is not sufticient in general, although it is sufficient for sur- 
faces of constant curvature.t An exceedingly simple example of such surfaces 
is furnished by the following system of paraboloids, 

P= Ce 
=¢"o 
= aetu? + her, 


where a is a real parameter. That these surfaces are not applicable follows 
at once from the fact that the square of the element of are, 


ds? = (1 + 4a?) du? + 8aburdudy + e-*(1 + 4b*v*)dv?*, 


is not independent of a. The Gaussian curvature is, however, the same at 
corresponding points of all the surfaces of the system since it is given by 
ne 4ah 
~ (1 + dat? + 4h?y?)?? 
an expression independent of a. 

In a recent notet a far more general system of surfaces possessing these 


properties was considered but attention was not explicitly directed to this 
point. 


it 





YALE UNIVERSITY, 
SEPTEMBER, 1903. 








* Two notes, Zur Theorie des Gauss’chen Kriimmungsmaasses, Leipziger Berichte, vol. 45 
(1893), pp. 163 and 170 respectively. See also Scheffers, Anwendung der Differential- und Inte- 
gralrechnung auf Geometrie, vol. 2, p. 276. 

+ Bianchi, Vorlesungen ther Differentialgeometrie, p. 186. 


a ¢ ANNALS OF MATHEMATICS, vol. 4(1902-03), p. 107; in particular, see the theorems on p. 
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THE MATHEMATICAL THEORY OF THE TOP 


By A. G. GREENHILL 
(Continued from page 20) 


17. The dynamical constants, G, G’, /, being three in number, there is 
a triply infinite (x *) assemblage of states of motion of the top, so that the 
selection of an illustrative numerical example is at first sight an embarrassing 
one in its variety. 

But the student requires some well selected numerical examples of an 
actual case of motion, to fix his ideas and to refer to for elucidation, and this 
can be obtained by choosing for the parameter v in (13) §9 a simple aliquot 
part of a period, so that / is a rational fraction: in this way we can utilize 
Abel’s theory, and replace the theta functions in the general integral Z() of 
(1) and (2) §10 by algebraical functions. 

Beginning with the simplest case, take 


(1) GE-G'=0, Q=%; 

then v is a half-period, cither @, or @, but never @,: f= 0or 1: 

E = x or z;, never 2, for real motion, because / — z must be positive ; 

(2) 4=0 or %&4=9, py,=0 or p=", 

(3) p = psdn( A — mt), or pywen( A — m/), 

and replacing the & of § 7 by the letter c, to avoid confusion with the modulus 


of the elliptic functions, 
é L 


(4) ® = -nf= 


V nt = pl, 
suppose, giving the curve of IT; and in the associated motion of the top 
(9) x= pl—y. 
(6) §.Mesind es’ = Ly (a — 4) + ty (at, — 2)(% — 2), 

or Ly (0 — %) + fy (43 — 7) (@— 1): 


(7) sin@sin( pt — ~) = ¥(22—2)(4—%3) or y(4— 27) — %), 


= 
(Oa 





ao 
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HB hee. 
iS 
tied - L ey - L — a 
4 ee s sin @cos( pt — —— 2(2; — 7). : —s ee 
eae () (pt — ¥) = pve w\ 
\ . aa 
i ee ee bs 
ie hae A ‘ p L zat <x or 21 + 23 
Nees (. — = r ? : ’ 
bie n M \ 2 VY 2 
* ee . (s' ] + Ze Ze Ay 1 4 2,23 
‘ (10) -ms% = " or , =%4= ° 
(; zy + 2s (, zy ra Zs 


18. Next take the bisection of a half-period where Ix $: 
(1) r= @, + $@,, or A + 3h", 


and work with 


é | ow» &)E + od dar 
(2) 1=4] a yx” 


(3) N= (l—2#)(R—27), P=4l—hy), Q=k—h, 


(l—«)(h + sr) . , (l+a)(k—2) 
sith — 


\Y 24-4) 7 \ 24-27) 
(3 — [ Mila p L—sl—hk) 
i ‘iu « nm 


(Hh) veaksu( W — mt a n= Mum: 


(4) pl—-@w= [ = cos! 


and the curve of // is given by 


p 








_ VFO ESS) + yO SR) R—*) 


(7) ~€ ph —eo)é V 
(5) a a 
Pe V- 
os mui - VE 2) Fa) + tye tay ea) 


y (hk — 4) 


; ; \ = el 
(10) sin2(pl—@) = rit fy — mt) dn( A band 


Ee , ~n2/ oF ne mt) 
( i 4. Irysn wae 
a 1 + Asn? wnt 
= suf (1 + hy mt, ar s 
by Landen’s Sécond Transformation : 


(11) pl—o= gam[ (1 + Ayat, 7]. 
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In the associated motion of the top, derived in the preceding manner, 


(12) g.Wesind eM —Y" = (L—-1l+hk—sx)yg(1— #7) (hk +2) 
+7(L—14 k+a)y (4(1 + x)(k—7), 





(13) M*cos@ = 12-1 4+ k — I? + 22°, ; 
(14) (¢M?sind)?=h(L—14+hy?—-(-14h-P)r? — x, 
(14) Mz =I? +14+h—U*, 4 Mh, =(L4+hyy(l—h), 
(16) Miz = 1F-1+h+h, 4 M*sin@, =(L—1)y(k—-2P), 
(17) Miz, = 1? -—1+hk—U*, 3 M? sind, =(L—14+ hjyk: 
(18) M2 EF — LL? —1 + 3k — ff, 
(1%) MO =(L4—1 + 3k — i*)?-— BAL — hk) A + RA — ky? 
(20) L) : En 

Thus 1’ = 1 = —k gives an intermediate path, and we find 
la pe— w= tas fam (P—(1 +h) mt, 7): 


L' = L =1 gives an upper rosette, with 
(22) pl-w=-—tr+gam[(P—(1 4h) mt, ¥]> 
and 1!’ =~—L =—14+ sha lower rosette, with A 


(23) pl—-p=r—sam[(1 +h) mt, 7); 


these rosette curves are shown in a stereoscopic diagram in Engineering, 10 
Oct., 1897, fork = 0.77384, in the upper rosette, and 4 = 0.42893 in the 


, : 4 2 
lower, thus making the apsidal angle . m7 and = 7. 
» a] 
Cusps occur on the cirele 2, for 
(24) h=liy(k+F). 
The axis moves like a spherical pendulum when 4’ = 0; and putting 
(25) L=c(i-hk), 
l 24° — 3c + 2 2y hk e( — 1) 
26 = > a= = 7 : : 
(26) 7 +h 7. + f2 3 2A Gen 1) @éte—®) 
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in which ¢ may be taken as the arbitrary constant for the construction of nu- 
p merical eases. ( Proc. Lond. Math, Soc..* vol. 27, p. 610.) 


ng The motion is purely algebraical when 









F (27) @ == @, Lh=1(1-A4), 

; (28) (2.M)§'= (14+ 4)7(9 — 144 4+ MA), 
a (2%) (2.M)?z, = (14+ 4)(5 — 3h), 

( (30) (2.M)?z, = (14+ h)(—3 + 5h), 

: (31) (2.M)?z3=—3+ 2h — 3h, 

4 (32) (2M)?EF = —3 + 10k — 3k, 

(33) ae seal Ay 






Stereoscopic figures of this case, drawn by Mr. T. I. Dewar, are given 





in L. M.s., vol. 27, p. 587, drawn for 


1: 3 1 
(34) = om >. und = (cusps) 



















We take / = > as affording a good illustrative diagram of the general 





case: then 





a ] —_ van 2) 24 yo ” yo wy 
(+>) ) L= > ‘ L =- = ‘ V= 5 R D-z 24 ‘ KE = - i F= OW ‘ 
2ub a 
(36) 2,= “y! » 49=0, 6, = 1° , 2, -4 6 = cos LOW4N: itn t P 
» s F s 









and the curve of /Zand projection ?? of (are shown in figure 5 (at the end 
of the article), and can be realized experimentally with the bicycle wheel, 


, 


suspended from a bracket, as shown in figures 3 and 4 (page 19). 


In this case the points of half time and of inflexion coincide at 4, but this 
is accidental: the representative points //, AY, Pare taken for 

a 1 tl / . 
a 10 nd then aw T 
19. For the trisection of a period, where 


H 


A approximately, 


(1) r= @+ fo;, f= 4 or §%, 


re 
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we can utilize the forms given in L. M. S., vol. 25, p. 218, for w= 6: and 
, . §. } 
changing ¢ there into re put 
1 " — 
(2) P=—(9-), Q=4(9—B)(P —-1), 


(35) La = 4(¢) = i?) (hb am l), tz = (3 4. hy(4— 1), y= (3 — b)(b + 1), 





(4) l- [ —}(9-—PB)r + 419-8) (BP -—1) de 








M > vv 
= 4 cos! 4(9 — h*) \ (%3— 2) (x — 2) 
| x 
aotaer 222 -FNe 


so that the curve of // is given by 
(5) M re mw = fa(9 — BP) (a3— #) (ay) + (7 + 9B) (4 — 99), 


,— 179 — 
(6) p_ £-4(9-®). 
n M 
The associated motion of the top is given by equation (3) §13, 
Le — 9(— 4)(F —1) + diy X 
\" 

(3( 9 — Byy (ry — vw) (ew — ay) + (6 + 9-— Ky (e — *2))! 
3 fe 


(S) M? cos@ = 1? — 4(9 — 8)? + 12 — 22, 


(7) $M? sind erie = 


(%) Ws LL? —2(9.- I)? + 12/° ~4(9 — &) (6 — LL 
— 2(9 — i?) (7? — 1) (é — >), 
and working this out we find 
(10) (4.M¢sin@y' &et- Yt = Ry (%_ — 2)(2 — %) + Sy (x— x), 
(11) (3.W?*sin@)? =-—2? + } 1? —4$(9 — BH)? 4 1264 -(9-—B)(P- INL 
— 4(9 _ i?) (ob? —1)(7-— 5), 





(2) Raw j3L?- 3-R)L + 4B — 3) — 13) (x 
+4 (9 —B)S(L 4+ 4(—5)}8- (P-1)?, 








SOIT. 
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(13) S=[38L—3(9 — /) ja? + Ls — (9 — 0) LD? + § (U8 — 220 + 6) L 



















+ a(9 —2)2( — 5) (x t+ ( — FF) 7 | L+h(#- +) 3+ (4? —1)*}, 
a factor 2° cancelling. 
Arranged in powers of L, 


(4) R=49—R)B-Bse-49 BYP 5B 


+ 2(9 — IF) } x2 + { (b? - HD L 
—9? —1(? — 3) (FF 13 )a7 + 9 — B*) fa 5) —( BP — 1)*1, 


(15) S=(74+9-—-P)L- 3 (9 — h*?) (4 — + 5) LD? 
+ 3'a? 4+ 4(4' — 2277 +}. Hye + 40 —R)Y(PA- SARL 
+ (9—/*)'—3 224+ 4(9-—B) (Fh dyn t+ a(—5)3 4 (2-1), 


In the upper rosette 


0 
(16) L=t=2, M=}(-1), 


(17) (Meos $0)% &rt-e t= VAY +0'3(R 4+ 3)r—3(F —1)(4 4+ “){. 


— plea ea 
n~ 6M ~ 3-1) 
In the lower rosette 
WV 
(1%) L= = 4(5-—h)(64+ 1), M? = h(b — 1), 


(20) (Msing@)tA P+! = fr — (3 — hy (hb —-1) (B+ 4+ 2) ]y(2—-— 7) 
+ (3h —M)y (43 — 4) (4 — 42), 


(21) p_ hh 
WW 3M 
In the intermediate orbit 


( 
(22) > eo 4(5+h)(h—-1), M?=h(h 4+ 1)?, 


7) 
(23) (.Meosg 0 AM—o! —(— —b(3 4b) (641) (R—b 4+ 2)] ¥(%3— *) 


— (3b 4 Ly, (x—4,)(# — 44), 


(24) I = aa) 3b — “a 
n 3M 









The axis moves like a spherical pendulum when 

(25) 2=0, L- 49-6)? 2+ 122 — (9 — 8) (# -1) =0, 

a quadratic for /? in terms of Z, so that 1 may be taken as the parameter. 
The conditions (3) and (8) §16 for cusps on z = z and z = z, become 


5—f* 3 > i? 


(26) (L — 2)? =4(# — 1)’, L=->, a! 
(27) [L +4(3 + 4) (b—1))}? = 4(b 4+ 1)? 

The secular term pt is cancelled by putting 
(28) L=1(9 —/) ; 


specimen cases of this nature in stereoscopic representation are given in 
L. M.S., vol. 27, pp. 592, 593, having six branches for the region 3 >/ > 1, 
and three branches for the region x > 4 > 3. 

In the algebraical case of six cusps, 


(29) fuk Lut, Boh Pa~t 

(30) tg=2y3, m.=3, 4=— 2738, A=3, B=—- 12, 

(31) y2=l+ys3, 2»= —$=cosl20°, 2,=1—y3 = cosl37, 
(32) cos@ = 1— $a, sin? 0 = x — 42’, 

(33) sin? Oe =4(— x? + 6x — 12)¥(—# + 12) + O(a - 3)%. 


With the other value for Z in (26) for cusps 


(34) /? — 3, L= De M4 = 48, L'= 2y 3, 
(35) 4= y3 +1, 24= oy = cos 30°, 2; = y3 — 1 = cos 43°, 
(36) cos 6 = y3 = 3 , 12sin?@ = — 2? + 12x — 24, 


, _) : Dice 
(37) (2/3 sin @)%e (v3 = ( — a? + 12)* + Be? — Oe + 12) (4 —3), 


an illustrative numerical case of quasi-algebraical motion, with cusps at angular 


interval of about 79°. 
For the algebraical case of three cusps we obtain from (27) 


(38) ZL + 4(3 + hy(b— l)= 4(/7 + 34) = (b + 1) 44, 
(39) (H4 — 1)8 — 3 = Q@, b=(y2 +1)’, L=—V4—- j?2. 
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In the region 3 > b>, 


(40) r r v > W2 > 0 > Vis 
{1 j2 — Vg — Wy - (3 ih y(h a )3 i (3 ~ 4 ) (/ + 1)° 
— eo 16) 7 16h . 
4 4 _ | 
? sni Y => a _ nei’ = = 9 
(42) sniaé os eng —s 


(45) sntA' 4+ eng A’ = 1. 


20. (ienerally for a parameter 
» 


a + 2 


(1) r=, + fos, or A+ flrs, j= 


obtained by the division of a half-period by an odd number 2” + 1, we must 
proceed to the problem of Division and Transformation of order w = 4n + 2, 


as explained in L. M.S. vols. 25 and 27, to discover the relations required for 


’ TT . Pest G dx 
(2) Kr) = | —— y 
‘ a y- 





) Puen + Pye + Pa 
= — cos~* — ga— )(t— TF 
2n + 1 pnt} \ 3 ) 1) 
a Ya Q,2"-? 4 Oz" * + ee | Y, aban taal 
n+ 1 nth sacle 


A ditferentiation shows that 


(3) P, = (2n +: 1)P, and —__—. = znfki', 


from (4) §10: and for the associated elliptic functions, 


” Pes, «2-4; 


3 — “Ly 3 — 2 


while for the Division-Values to the modulus 4", 








(5) sn? fly’ = Ree: enti’ = " . anetfh’ = “3 : 
j vg My F ign Fy ; ey — 2 
. a Vo “g— aL ° r = p Va — Vo 

(6) snP(1—f)A' = —. = Sane. 9 en'(1 — fy A’ = % My — Xe 
3 Ty Ty , Ws ig— % 


dn?7(1—f)A" = 1 — at . 


r3 
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The curve of // is now given by 








= |FV@,—2)@—7) + i Fy(e- 2) eT 
(%) Bia Pye-' 4+ Paenm*+..-.4+Ph,, 
(9) F =x" + Qa "-'4+ Qo"-*4+---4Q,; 


and then for the associated motion of the axis of the top 


Lr —~Q+hiyX 
£ a 


, ee en ° ’ 1 
x (23 —*) (@ 7) + (F (4 - #2) lari 
{ ge th ) 


(10) § VW? sin 6 e(Pt— Hi — 








21. Rationalizing by raising to the power 2x + 1, and putting | 


(1) (Lx — 4) +4 iy NX) +! = H+ Ky T. 
where 
(2) T= -—4X = 2° — Az + Br + (2, 


(3) /] = (2n + 1)(Le — Q)T™ 





* (2n + eee —1) (Le — Q)3 T=) 
(2n + 1)2n(2n — 1)(2n — 2)(2n — 3) 
* Bt 





(La —QY)iT™-7F+.. 


SafGn —. 
_ 7 D 73~nAL— ) ro 


+ Hy —1 4. + Mays 


= (2n + 1) Lot! 4+ (Qn 4 1)( 


y 1)2 
4) ai yney. -- 
= 24 Ayal +... + Wy, 


Then 


(5) (§.M? sin 0)" +1 ete ther—wHi=R y(t —*) («#— 2) + iSy(e— 22), 
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(0) we+l—~ RH F(x — ty) 
a es Rix" Ren ot R,,x™ +? 40: 
(7) So +l = FH E(x —25)(2 —2,) 8 


_ SS," +1 i Sat" i oe il S08" + 1 +0; 


the coetlicient of powers of .r below the (2 + 1)th cancelling. 

The caleulation of Py. 2s. - ~~ Pans Sow Sis Sas + + + Saqs is thus a piece 
of heavy algebraical work, when once / and F' have been determined. 

A few of the leading coefticients in the general case will serve for verifica- 
tion with the simplest values of the divisor » ; thus 


(§) Sy = (2n+1)L—P, = (2n+1)(L—-P), 
and 

(.) ‘-—(/ P ‘2 

) po= ._ | yx’ 


so that Sp Vanishes in the purely algebraical case where the secular term pf is 
cancelled by taking 


(10) L= P. 
Proceeding with the calculations, 
(11) Ry = —(2n + 1)nZ? + (2n41)P\L— QV, + nA + x, 


(24 + 1)2n(2n — I) rs 


(12) Ss, = 7 


—(2n4 1)nP LV 


+(2n+1)(Q —nA)L—(2n4+ 190 4+ (nA + a, + 25) P, — Py. 


(15) R,=.-. . : Ng => 


22. Otherwise, arranging // and A’ in ascending powers of 7’ and de- 
scending powers of Le — Y, and writing 


(1) Kis — t,)(r — 7) = ry. F(z — %,) = F' 


(2) Ret! = BH F'W, Sr™+!= FH E'R, 
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then in descending powers of Lz, 
(3) Rat! = B(Lae)*+! — (2n +1) r, (Ley 
‘ (2n + 1)2n 
2! 
(4) Sxy, 7) = F( Lr) +! — (2n + 1) 8 (La) 
(2n + 1)2n 





r,(Lx)*-1... 


ill 2! & (Lr). .., 
(5) r= GE + F", = YF + E’, 
(6) m= (T+ F)E + 2QF", 5 = (7+ Y)F + 2QE", 
(7) rg= (890T + E+ (14+ 8)F', 
& = (30T + P)F + (T+ BQ)E', 

() Y= (7° +64T+ GV)E + (AGT +465) F’, 

& = (727+ 6FT+ OF + (ANT + AQG)E, 
(9) rs = (GGT? + GT + GE + (1? + WET + 5Q4) KF", 


ss = (SQT? + lOGT + W)F + (T2 4 1l0RT + SOE", 
and so on; and r,, 8, have a factor «; r,, s, have a factor 2". 
23. Another way of determining the coefficients in 7? and S is to take 





l Ry (x3 — «) (x — 2) 
= SS ewes gal oe 8 EE 
CQ) MF = i OE gs Ape 220 — Bet 
l — Sy (4% — 22) 
= ~——— sin~* — - eee, 
zn + 1 (a? 4+ (274 A)z— 2LQ— Birt 


dy _ L—L'z dt 


(2) dz * Waintd " az 
(18 + AL — 2Q)e — 312Q- 2LB + AY 
. Fist VX 
(3 at _ La 
™ Piz ~ VX 
rl dt dy 
( ) i dx dr 


—(L— P)x— }(174+ A)P— 2474+ VY + L(B +227) + BP— AQ 
Sat 4 (124 Ade — 2LQ— BiyX | 

and thence by differentiation of (1) we can obtain sufficient relations to deter- 

mine the coefficients of x in R and S, and to complete the verification. 
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3S 24. These values of /? and S are found to verify for the preceding case 
% of w= 6, worked out independently. 
Liha a For » = 10, f= }, take the expression for 7(v) given in L. M.S., vol. 


rhe 27, p. 601, and put o — x = x; then 


= s) #, = (¢ + 1)(e—1)(—A + 4e4+ 1), 


: “A (2) Ye + 2X, = 8(c8 + 8 — 3k — 0), 
i a (3) Iyts3 = — lbe(e + 1 +)R(e -- 1)(—e + 4e4+ 1), 
he (4) 4 — ty = Wied (8 + & —e), 
lie (5) A=—A4¢ 284 Mie + 128 — Ble — 14e — 1, 
Eo E I} = &e(e + 1)8(e — 1)(— & + 4e + 1) (8 + c? — Se — 1), 
5 ie 


; re (4) P= (c+ 3)(-— + fe + 1), 
(7) (= te(e t+ 1)3(¢ — l)b(— ce + 4e + 1), 


a (®)° P= (¢ + 38)(—@ + 4e4 1), 
. 


a (1) P, = A(e + 1)8(— 2 + de +12, 
r 3 be (10) Go = 4$(2 + oe + :1)(-- A@ + 40 4=(1), 











(11) (J, = lbe(e + 1)3(—c? + 4e + 1)?2, 


“_ Pri Qdr 
(12 I= tl a: Pi 
Pye a a P, 


= heoss! : soo A (ry — 2) (x — x) 


a 4 Oy + (2 


= 1 jn! ; 
xr 


Jv 


y (4 — +2). 
Then for the curve of //. 
= Aer = ’ oe mu 
(13) (77) e” (pt = Ey (43 — 4) (4 — 4) + (Fy (x — xy), 
(14) B= (¢+3)(—@ 4+ 4de+ lye t 4(e 4+ :1)8(— 4 be 1)?, 
(15) F=s? + $(— 74 de + 1)(2@45¢ + lye ie l6e(¢ 1 1)3(— ce? 4e4 1)?, 


(1s MP ays, P_L— Met y— et de $I) 
) T. \ rs n = “Vv . 


ee ee 
wy Pe Sera ha. Pe. » 


ade Bara dae eT ates 
+ : , et ee Y ae a 
ok> byw pe > = 





"abies 
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For the associated motion of the top, 
(17) (4.M?sind)> er! = RY (a, — 2) (x — 4) + iSy (x — x), 
where, arranged in powers of L, 
(18) R= DE —514E, + 101B, — LE, + 5LE,— Ey 
(19) S= DF -—5IL‘F, + 10L5F, — 10L°F; + 5LF, — F;, 





and, employing detached coefticients for the powers of ¢, for economy of 


notation, 
(20) BE, =a?+ (— 4+ 4e4 1)(—¢# —- 245% 4224 5)e 
—4(e4+ 1)8(-2%&§ + 441)9(841-—5- 1), 
(21) Fy = Pywt+ 4(—274+ 44 1)(— 28 —5 4+ 104 3824 124 1)e 
— l6c(e + 1)8(— FF 4 4 4:1)97(% + 1-5-1); . 
(22) Ey, = Pyat+(—P +44 1)(F4+ 1-—5—-1)(4 + 0-14 — 28—-7)a 
+ P(e + 1— 5 — 1), 
(23) Fy = 25 4+(42 — 2 — 25404 115 + 50 4+ 5)2? 
+ 4(—c? + 44:1) (8% 4+ 1— 5—-1)(28 +3— 16 — 38 — 14-1) 
+ Y(F+1-—5-—1)?; 
(24) Ey= a8 4+ 2(4-— 2-17 —2 + 61 + 28 + 3) x? 
+ (—-®4+441)(44+ 1-5 -1)?(—4 + 24 204 844 %)a 
— P(A + 1 — 5-1), 
(25) Fy = Py 4+ (— 2+ 44+ 1)(c' +1 — 23 — 67 + 35 + 2194 83 + 7)z 
+ 4(—P +44 1)(@+ 1 —5—1)*(— 2h —1 4+ 224 444 164 1)2 
oes We (3 a. 1)'; 
(26) By = P+ 2(- PF +44 1) (e+ 1-17 — 45 + 154 119 4+ 49 + 5)" 
+ (—A24441)(c3 —1 — 34 — 544 363 + 1037 — 588 
~- 4068 — 1881 + 4489 + 4288 4+ 1402 + 205 + 11l)e 
+ P(e? + 1-—5— 1), 
(27) Fy sate 2(4 — 2 — 21-64 73 + 32 +3)23 
+ (cP — 4 — 464 68 + 743 + 264 — 3508 — 2952 +5105 
+ 4988 + 1538 + 196 + 9)22 
+ (-—¢ +4 + 1) (2c! + 5— 71] — 234 + 300 + 1719 
+ 271 — 4732 — 8470 + 4227 
+ 5143 + 2054 4+ 3844 334 1)2z 


+ F(h+1—5—- 1): 
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(28) By, =at+ (84% — 6 — 51 —- 16 + 153 + 704 7)28 
+ (3eP — 12 — 944 156 + 1241 + 408 — 4676 — 4152 
+ 5365 + SRT6 + 1986 4+ 284 4 15) a? 
+ (~ e+44 1)(— 8% 4+ 24 544 54 -— 946— 2590 
+ 2214 + 13798 + 4564 — 29290 — 26254 
+ 17842 + 28754 + 13190 4+ 2866 + 306 4+ 13)er 
_ P,[(e e oo 1) ~— 828(¢ 4 1)*(e _ 1)*) : 
(29) Fo= Prt t+ 2(— +441) (e+ 1 19-574 154 155 4+ 99 + 5) 25 
+ (—@ + 44 1)(c8 ~ 1 — 42 — 86 + 483 + 1709 — 636 
— 7364 — S849 4+ 8937 + 7622 + 2170 + 261 4+ :11)2" 
+ 4(—@ + 441)(— 2c" — 5 + 58 + 238 — 37K — 2554 
+ 602 + 13790 + 8130 — 30236 — 33282 
° + 14962 + 33682 + 17562 + 4462 + 002 + 404 I)z 
— W2[ (8 + 1-—5— 1)? + 324 (e + 1)8(e — 1)8). 
Arranged in powers ot 7, 


(30) R = Ret — Ry ms Raa" i: Rsv + h,, 


(31) sS= S,24 a S23 oe Sax? J Nau’ ‘A Sy 


(32) Ry == l, S, — 5L = P,, 


(33) R, = P, [( L a ae oo je 1)o— 32 (¢ 4 1)®(e _ 1)*), 
S, = ae ((L .s oe + . je es l " a7 32c(¢ .. 1)*(e iis 1)*}. 


In the upper rosette 


( 
(54) L= 7 «ts, VM =(« ~—1 y¥(e 4+ 1)- 


There are cusps on the circle z = z, when 
(35) (L — 4c)? = (¢ — 1)4(e + 1)?, 
(36) Lh=-—-@+e4+ 5ce-—1]1 or e&—ce4 3c4+1; 
and if the secular term pf is cancelled by putting 
(37) L=t(ce + 3)(— ce + 4c 4+ 1), 
(38 ) (c—2)(@+e¢-—1) =90, or (de —~ 1)? + 10=0. 
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With 
(39) C= 3. L = 5, Pp = 0, M? = 24/10, 
the motion of the top is given by 
(40) (4 M*sin®@ eM)® = (— x8 + 24.5. 72% — 24.34.5.190? + 27.35.5 
— 27.58.57. 23)/(— a? + 80% + ~— 
+ ¢-26.59(2 — 135) (a? — 2.33.57 4+ 24.35. d)¥(e — 135), 
having 10 cusps at interval } 7. 


The other value « = $(1 — ¥10) gives 10 cusps at interval 27; these 
curves are shown stereoscopically in L. M.S., vol. 27, p. 603. 
In the lower rosette or intermediate curve 


(41) L= & =—G@— + 3ce4+ 14 2eV/(F+e—-c), 


fy Or wr, 


and with cusps on z = 2, 


(42) (7 = 2): i = dy( i —c)[e a. y(e+ ?—c¢)]?. 


25. The degree of the results for /(7) can be halved by the substitution 


r 


(1) of = pee 


and thereby the expression for the curve of // is simplified: but no reduction 
of degree is effected in the curve of 7’, because the functions of 3x in §11 
are not simplified by this substitution. 

Changing the limits in (2) §20, 








ts — Poy ; ¢ ’ dx 
(2) ih / ~ (vr) x 
= + Qx"—! . a ae VV, 
at eS ee eth y (% — %3) 


— WV 4 es 
= seo (1+ B+ - S)VC-F 
— — | 1 
= —F cos~ ! {1 ols “1 F =) +eee + — Wn cs: a 


Le / x"\ ¥ y 


Roy + R "iiss, ddd toes 
yn tt 
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2 ae & Ayy"~2 4+ ++ +4 A,,-1 
= —— COs a 
2n+ 1 yur 


+ (—1)*—'4A,_, 








2n +1 yt 
xy a(y—D(Y~- Cy + G){, 
where the coetticients .1,,- - -, <4, —, are less than a quarter in number of 
the Pye - +. Pas Qin + +s Gas required previously. 
Changing the variable from x to 7 in the integral /(), with the notation 


(3) yi = —— = sn* fh", 


(4) 3 ue l 
2S 


t,—%, dn(1—f)A"’ 


( D ) Y 


4(y7? — 1) (yy? — Wi) (7 — 9%) 
ry xX 
(a3 — %e) (Xe —2,) (4 — Xe)! 


(6) g dy? (43 — 2) (% — *)) [ ro \ ‘ zs / 5 
) —. = ee, SSS ans ——— 9 
mV) ry Jo vX mys J vx 


. - 


\ 
( — Ht r) y? — —X% 

[’ \ 2» ; \ & ny, dy 

Js 


Dig )—t% VV 


Vo * 


diy? 


, 


(7) I(v) = 


MY = —rjyy— ys 
- | ON =ai%3" ll 


; \ ‘Y 
a ane 3 
(8) P(r) = nys + _. Pw —v), Q(v) = ny = a. 7 
V— 242; mae dn(l —f) A” 
Also we may take 


() PtQyy+ Cp=(ytn)(y F Ys) 
(10) t3 >> Ly> () > Shs 


(11) x > Y> ¥3>1> yi, 






















MATHEMATICAL THEORY OF THE TOP 85 


P ( vy) | id @, ") 
7 vege ns(1 —f) Kt! = — ef hi’. 
\ (43 — 4\) \ ( t's 4) 23 ( J) i “wf A 


26. Thus for w = 4, with this reduction, 

~) ‘ » , 

(1) /(v) = 3 COs Vi dly + Dy + ay —a)' 
i y} 


= 2 sin 1\ ay pai ly(y i a){ 
4 


. y 
/ 4 (l +a) : a di? 
‘ Ue \ 
Similarly, for w= 10, ; 
» 
) 4 | 
y c 4 . ( fr2y 4+ de ) 
(2) Tir = . cos Ez 1). wy? 4+ ‘ x 
) » 4 \ > \ (c+ 1)(c—1)*) 
2 . Mi t ‘ ] { a ey 4 te ) 
- en * | By li y+ i + 
» 4 \ . \" (c+ 1)(e— 1)? ) 
‘ , 7 s . \, 
7 


| ie + lycc 1)- (¢ + 1 ) ty 1)? diy? 
: y ‘oe 


The next case of w = 14 can now be attempted : utilising the analysis in 
LL. M.S., vol. 25, p. 257, and vol. 27, p. 462, we can put 


(1 2m)(2 iw \ MM) bia (1 2m)*(2 — 3m — \ M) 


4 (' ee 
7 . tin( mys . twn(l — my} 
where 
(4) M 4a Llw? + Sm’, 
() iy (4 lla + Saw?) ym }P 
“7 baan( | — mm) 
{ (1 2m)iy (4 _llm + Sm? ~ yu ]* 
_— bias ( ] ““ )- 
~6 4+ 33 — Tin? + H4in*® — 20n' + (5 — Om 4+ bin®) VM 
7P'(r) = - % 


tm( 1 — mw)? 


where mis an arbitrary parameter. 
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The herpolhode curve of /7 can now ve written down: but the associated 
motion of the top will be of very complicated character. 


The result of 7() for w= 18 has been given in the Archiv der Mathema- 
tik und Physik, ser. 3, vol. 1, p. 73: and the preliminaries for # = 22 have 
been sketehed out in the Bulletin de la Société mathématique de France, vol. 
20, 1901, requisite for the ecaleulation of Cy, C2, 2’(v), Ay, «ty, Ag, Ay, in 
terms of a single parameter. 

But the next eases of w = 26 and w = 30 still await solution. 


27. With w = 4r,afurther reduction is possible which makes the ex- 
pression for the path of 7? or C’ assume a symmetrical form, as was seen in 


‘ 


the case discussed already, of 
(1) w=4, and r= A + fh’. 
Thus with w = &, and 
(2) v= K+fh'r, f=} or }, 
we shall find that, putting in the standard form of 7(v) in (1) §10, 


(5) s8—*, = 2’, o — 4, = 6, o—x= 6 — 2’, 


.  —_ P(r) (6 — 2?) 4. (I(r) dr 
~~ l $2 OW XN, 


4(1 +a)?*—¢£ 


l ag 
=5 cos—! 5 a \ AX 1 


- — zr 


4(1 oe a)? + WV 





= ) sin7! 5_ 2 V3-Vs. 
where 
‘: o | 
(>) N= (44 (G2) trp st chen), 


, l 2 
XAs= (1 —xr)\}4 (,-*) —r} = (1 —x)(kK—2z), 


1 2 
(6) k=4((-a) , ©=ksn( Wt — mt): 
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as for # = 4; and the octahedron irrationality 


l 
7 0—-</k— 1 - 
“) =vk=a (| “) 


~— l bain , ' 
unchanged by the substitution («, ~ ) » Which interchanges f = } and 3. 











Also 
_ (l+a)al — a) 
(*) - fa : 
: “—_ (1 + 2a + Sa*)(— 1 4+ 2a 4+ a?) 
) ore lia? ai 
\ _ (l+a)*(1 — at)(—14 2a+ a’) 
(10) V(v) = — ainunde. 
(11) dn? fk" = —— 7 = 8, 
Ss) — Ng 
ci al 4a' 9 ad (1 a a)*(1 = a) 
sn?vh = (1+ ey + Da _— a?) , enh is (1 + a*) (1 4 3 — a?) . 
— 7 . ] 
(12) en2fh" = : om », dn2sk'=o0=} (- ~ a). 
+ a ( 


The vector of // is given by 





(13) uf em —o)i — Fad + a)? — ign, t+ eC + a)? st iy NL), 


L(é — x) — + wry ph A 


(14) AM? sin @ ev’ = (5 — a) 
(15) (4.M?sin@)? et — 4 

_ [£(6—#)-—-Q+ tx y-X-X,]? 

i. (6 — x)? 


X[PHCL + a)? Vb + ECL + a)? + ef ys XQ] 


= (Ay + Ayr + Age? + a3) VEN) + § CA, — Aye + Age? — 2) ND, 








ee ae 




















ne A INNIS il Nf egg ae 
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»,9 


sinee the factor (6 — .?7)? cancels : and we find 


“% 

; 14a L— ph Te Sa Re Bi 
(16) y= H+ yes = 
od my (— } + 2a + a?) 


4er 
(18) A, = 24 — 3(1 + a)’. 


l 1+ 2a + 0 — 6a’ — at 
(17) .4 =~ jb ) 


4a? j ’ 


In a lower rosette 
( ig? c= ig. ? Pr 2 ~ . 
19) L = 7 ” : ar, Pitt’ : , Ay = 0, A, - (), A,=—} = ‘ 
6 far 2 2 
(i + a)(l —a)8 


ter? 


( ?()) M COs 10 = Zz. MV? = 


: , yp (ele t+ eyy dW + tCA, — xz) yh kX, 

(21) tan? 19 @rt—wi i 3 Web = — A i 
2 7 

In an upper rosette 


(22) L= Y = y:2 -U-*U - ©) + 2a— a) 


6 — he bat : 


M? sin?10 = — 2? , 


(23) cot? 1@ A rt-—ei ne H(1 —a)*—= (; 1 + =) 





k—<= Pking 


es K(l—a)? +2 ll—z 
I + \ (; }: —_ ‘) : 


In the intermediate case 





(%) L= % __(i+a)( ——*, Mn (1 + a*)(1 + 2a — a?) 


i on ta? 4 = la? ’ 
M? xin? 30 =j|]—2 


- —-2x 
(25) co® £9 OH -9) .. 8 (; oes 
: l—z V\lse 
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There are cusps on the circle z= 2, when 


1 —a)?(1—at 20 — a 
(26) (L—a)?= Stace 6 Sd Sl = —@) 


and in the algebraical case when 


(1 + 2a —a*)(1 — 2a + du ) 


(27) L=P, L-a=-- ) tet lt Roan I 

lta 
(2%) (1+ 2a — a*)(1 — 2a 4+ Sa*)*? — 16(1 — a)2(1 — at) = 0, 
(2%) 7a® — 205 — Yat + 12a* — 15a? + 30a — 15 = 0, 


(L. M.S., vol. 27, p. 180), a sextic equation having two real roots 


(30) a=, 642, and — 1. 812, giving & cusps at interval $7, and ¢ 7, 
as shown in the stereoscopic figure in L. M. S., vol. 27, p. 599. 


28. We can now complete the case left unfinished in L. M.S., vol. 27, 
p. 605, of twelve branched gyroscope curves, given by 








. i P 1. 2 
(1) w=12, v= A+ fh, f= 7 
(2) J= [° -£~ _ +¥ a 
Jr 6— x y XN; 
= — cos-' l+a+a?4 (1 -@) .— r aN, 
3 (a + a 4 7h — wi)? 2 
- l + bea fh a HAS ve 
GT Satelite one ——— 
3 (a 1 a he ao = wy? p 4 
(+) My XY, =@(l+a+a*)t 3(1 Layy(l—ajyr—a, 
(4) 6—-arWaia', 
(>) P= a(l —a)(5 + 3a + 3a? + a’), 


YV=h1l—-a)(a+@4+ a); 
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‘ 


(7) (wv bye pw—wi —-']+a+ 4 (1 — a) t— a | \ bX, 
+i e ast (aye ayEXy 


3 , 
2 a+e@+a-—s 

(s) P = - — ’ 
c M 

(‘)) v= ry sn( Wt — mf). 


For the curve of ?, working out the product of (1 M? sin@ e’)* and e, 
the factor (6 — «?)3 cancels, and 


(10) (4 M? sin@)§ Brt—+§ = (A, — Aye + ee + Ayt — Vb, 
1 \ 


+i (Ay + Aye te + + At + a®yVh.Xy. 


Iam indebted to Col. C. E. Basevi for the calculation of these .1 coefti- 
cients in this and the preceding case for w,= &%: he finds 
(11) 49 = (1 +a 4+ @)2L—3(1 —ay7, 
A,=—-' EL —4(1 —aty'28(1 —a) L—3 (1 —a + be? + 68 + Jat + a*)!, 
A,=—)hL-a(l—atyi\7?-(l—aj(4+ da+ de — a) ZL 
+$(74+04 0— 8 + dot + 1205 + 1l2a*® + ba + a), 


Ag = — 32? 4+ 3(1—a) L—4 (38 — 644 040404 6 + 44% + 4074+ a), 


A, = oi, = 3(1 —a)(o + a+ Sa? + a). 
In the lower rosette 
(12) L=}(l—a), A = A, = A,=9, 
A,=—a(lLiagtia), Ay=(l—a)jy(l+a), Meos}@=2, 
(13) M?* sin? 4047 — 4 — 23 tan® 4 8 ert — 8 


= (— A, T A, — \3 Ny t r( Al, > Ayw + w yy }- e 


For the upper rosettes and intermediate path the condition 


(14) (z-;*,) (L-; a 3) = 
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reduces to 


(15) LF 1(1 — 4a — 4a? — 4a? — OL —a(l+a+e)=0, 





L = 4} 1 — 4a — de® — 4a® — at 4(1 + a)*y(1 + @) (1 + dr + a)! 








In fact 
(16) a, 8 m= l+as(l—a) +414 @)y¥(l+a@)(1 + 404), 
. 2 _ ~1+ 9% —4@) + (1+ @&) A 
(1 eo = k - — - a Se ee \- 
‘) »=Y)\ ~\ 7 4y(a* + at + a) 
A= (1 + a?)(1 + da + a’). 
(1x) (: -) = sere we. O+ Pes) 
0 fWw(lt+astiead » 4/, , 
‘ l 
putting a+1+-=6: 
a 
l 2 (4—1)3(b + 3) 
: 10 — + = — 
(1) (;+°) - 
{ 164 6+1\34,—3 
20 x = = - " = a 
"9 l a (4—1)3(6 + 3)’ =\G-1 h+3 
(9) 
— x dnfi' l 
? 1 2 , : =O. 3 a = . 
(21) dn?= fh a erst rs . 


The cusp condition is 


(22) (. nn ‘_ 2 ® . 
s — 2 6— 2% 
and becomes when rationalised in the algebraical case, when ZL = 2, an equa- 
tion of the 14th degree : 
(23) 875a + 2660 4. 2765 + 280 — 4025 — 8900 — 10815 — 8930 
" — 4767 — 1124 + 295 + 280 4 173 + 6X4 11 =0. 


29. We are now prepared to generalise for « a multiple of 4, and first 
we notice that we must distinguish the two cases of 


(1) pw = 8n, or Bn + 4, 



























(+) 


(‘)) P= 


22P(2nv), or 


l 2 > 
(10) (+°) =5. 


(11) ve 


= Lr 


] ; hy + Rye + 


or ae Ry + Rye + - 


l . 1 to — Myr + - 


= —slin-— 


+ 


ie pee 
, oe 
et ae 
4 we re C ws 
Sine is 90) GREENHILL 
a} ; aan 
, a Fa. , BA ts 
Bia ei — 
Fer ° rh é . 
oS eee (2) v= kh + —, or K+ 
eae 4n 
2: oo — ? _ 3 
es: ” I ig Ps sl 
a? (+) — 2 
ee r 8 — 
a 
"4 and according as $ w= 2u, or 


NX, = Pp, + Dw T x, or 


= (%, + 2)(42 + 7) or 


] 


or . 
0 


sn( fv — mf ), m= 


. ht, x?" 


(6 — wry" +4 va-%, 

















(January 


rly 
in + 2 


dx 


VXLN," 
+ w= 2n+ 1, 

P, ia Px — 2, 
(4) —r)(%+ 7), 
Py — 1x2 — x, 
(1) + ©)(%—T7), 





= 
P,= 


s(2n + l)r — &s, 


a (3) X3 = Pi — Py + 2, or 
on = (4, — 4)(%, — 7), or 
¢ 
Fog 
+4 (bh) ly = hv,, or 
NS, j > 
43 when normalised so as to make P, = 1: 
t = e . 
:¢ («) 6 = s(v) — &3 = rj dn*fh ‘ 
pe: (*) A = sy — s(2nv), or 
#4 


2P(2n + 1)r, 


— o) = P 
P,’ 


| wydr 
J. VX 


‘ R,,, = gen 1 
( p>) _ 7 ) n 


— yiX, 












] 1 h, _ Ry - 





Zh (6 — x?)" 


i Fey," 


ie or ——-. sin- sid 
) ea 2n +1 (5 — a?)"+4 
4 Te 
£4, » 
ee (13) Ren = (- 1)", 
He 
. $8 Be 
He 
¢ '§ Gia 
‘ tia ‘ 
; t? «=: 
‘ 5 Be 
, te oe 
Aa 
1) 
fa Rs 
§ #26 
‘5 Pee 
lt Bg 
iz , ee 


R,, = (— 1)*. 
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The vector of H is then given by 
(14) M FE evt—ot = y(8 — 22) of! 


= } (Ro + Rye t ++ + Rog") 9X, 
+2(Ry— Ry +--+ -— Roy ,2?"-) VEX, |3, 
or } (Fo + Rat. + - + Royx™) VEX, 
+ t(Lty — yx t +++ + Roya) VEX, *) 
and multiplying 4 M? in @e« by e”, rationalising, and cancelling the factor 
(6 — x2) 2m or2n +1, 
(15) 1 $ Main 0 efP! — 9)! | 2, or tn +1 
= (Ay + Aye+- + -+ Agy_ ye") ya X, 
+ t( Ay — Aye ++ +» — Agy_ ye" —) VEN, 
or (Ag + Ayet + ++ Aggy et) Va Xy 
+ t(Ag— Aye ++ +» —Agy 4 xt" t!) V$ XQ; 


where the determination of the coefficients 2 and A is a piece of algebraical 
labour of increasing scale as yw increases. : 


30. Putting in the standard form of (1) §10 
(1) o — 4, o — &, o — & = a}, G9, 73 (denoted previously by x, x, x), 
(2) o, = 8 — aj, o, = § — 23, o; = 4, 


(3) Sev = o, + 0, + 0, = i aj — a3 = aj(1 + k? — 3K" sn*fi'), 


(4) — gip'’y = Y= y¥(— a1, 2, 23) = ¥ (ai — 8) (6 — 23) (8) 
= ai k” sn fA" en fA" dnfh’, 
(>) } gp" = oy 03 + 0, 0, + 0, oy = BE — 2(aj + 23) 8 + aj 4}, 
(6) M*z = L? + 6 — 25 — a3 + 22", 
(7) 4 M?2( ER —2z)=ao0—s=8-32", 
(5) 4 M?(z — 2) =*« — a = 2°, 
(9) 4 W3(z,-— 27) = &—8 =H, 
(10) § M2(z, —2z) = 8, —8 = aj -—@. 
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From (7) $11 
(11) ¢ Mt sin?@ = — 2 LQ — y"(v) + (1? + 3ev) (ae — 8s) —(e — 8)? 
=[L yi y(ai — 8) (8 — 43) PP — (7 + § — aj — x3) 2? — a, 
(12) Mt= (124 8— ai — a9)? + 4 [Lyd — yi — 8) (8 — 4) )?, 
(13) § M? sind, = Lyd — y (ri — 8) (6 — *)- 
In lower rosettes, writing f for fA’, 


2 sn fens 


— , WV cos$0 = 2, 





(14) Lys = y¥ (47 — 6) (6 - wi), L=2,k 


dn /f 
(15) M sin? g0 = — 17-84 434+ 4-2, 
(16) M=-LP?-S4e4 eH = 29%, Max,dn(l-—f/)k. 


é 
In upper rosettes (or intermediate path), 


snfdnf _— en fdnf 














(17) Ly (6— x3) = (aj — 6)6, L=72, a f , “af 
(138) ¢ We(1—27)=27; —vr(orr“},—2), 
» ” i 9 © ri — 6 ” 9 
(19) }M*(14+2)= 27 +6-—454+2 =s— a ate, 
— 9 
i _%y— ry kv, vy 
(20) =a , WV= or ” 
" O6— Ty cn f/f sn f 


For cusps on the circle z = 2, (or 2) 


7 = r—-t, 
(21) ra 4 ( = ) |= ia zi, 


Q + 2 y (41 — 7) (8 — 23) 
~»)) — Ries 
(22) L= or ee 





snfdnf+k 
= Ly > : ‘ 
cn f 
The calculations can now be carried out for uw = 16, 24, 32, 40, and 


B= 20, 28, 36, 44; but w = 52 and 60 must await the reduction of « = 26 and 
30, not yet sssemnpliched. 
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31. The chief practical interest is satisfied by the determination of 
the motion of the axis of the top, by Euler’s angles @ and y; but to complete 
the solution theoretically we must determine Euler’s third angle ¢, and 
thence Klein’s a, B, y, 6: 


If v,, v2, denote the values of u corresponding to z = — 1, 1, then since 
(1) 4%>1l>%zm>z>z>-—1, 


we must take 

(2) M=Si %, 2 = O + Jy 5, 

where fi, fj are real fractions ; and v, w corresponding to z= E, D. 
(3) v= — ly UW = Vy + Up. 


In the spherical top in which A, = C,, which we may take without 
essential loss of generality, 


(4) - a R — cos — ne = A 

, dy G— G'cos 6 
) a“ Ame” 

, dd G'— Geos 
(%) dt A, sin? @ 

wag (acy, [2s dz 
“) “ee ") ai 22 a + Ha? tee . (1 + 2)y22" 
> Tee Ares #-¥ =? — / asi 
Now with 

(9) $.?(1 + z) = M* cos? $0 =s8 — 8(r), 
(10) ¢ .W*(1 — z) = MW? sin? $8 = 8(v,) —8, 
(11) M? = a(v4) — 8(04), 
(12) g'u= S=43 MZ, 
(13) —S(v,) = ML! + L), —S(m) = ML’ —L)?. 
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% a 
oe Then 


hy pon S(v) ds 


(14) e+ w= | s — 8(%) ys 


eet lLoOmee. 


x Cae a oes 
oe es eee 
ewe Ee 








i by — S(v,) ds 

i (15) oF = [ x(v)-*8 yS 

ae : 

Bees or 

Bet P(r 

£4 (16) d+ YH) = - Wy mt — L(y) = pat = T(r)» 


(17) 3(6—-Y) = uf + T(z) = pat + La), 


where 


(18) I(v,) = | 


P( v2) , 
oM 


24 P(r)[s — 8()] —3¥— SM) ds 





8 — &(U) ys’ 





— P(v,)fs(ve) — 8] +4 _ Nix, 
(1) I(v) = / — P(r) [8( 2) —8) + hy S(%) ds 


s(v,)—8 ys’ 


. Outre 
(20) I(v) = 3 tlog ate - =< 


Now, introducing Klein’s functions, a, 8, y, 6, cited at the outset, 
(21) Ma = ys —- (1) elPyt—T(r))é 


O(0)A(u +) ; 4 
On Ory = eh" (A, + Bit), 


— elt 





suppose ; and 

(22) Mb =e-7it 

with 

(23) M?aé = 8 —s(v,) = Aj + Bj. 
Also 


O(0)O(u +) : 
Dh On Or, = one (A, —_ B, rt); 


(24) My = iys(v,) — 8 elMt tl (e)ji 


.  OO)O(u — v, 
— 7eP:ti = ePti (it A, — B, i), 


O(0)O(u + v,) 


(25) MB = i e~P: ti ie w e-Psti (i A, + By i), 
Ve 


’ 

{ 
Het 
‘ i pe 
| *> Ve 
; i 4 
j ames (2% 
i? sone 
i} ee 
§) oa) ieee 
é x aS 
oe 
' : 
: ae 
es ta & 
i . 
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(26) M?By = 8 — 8(v,) =— Ai — Bi, 
(27) M?(a8 — By) = 8 (vy) — « (1) 
= M*= Ai+ Be + Ad + Bi. 


The multiplicative elliptic functions a, 8, A, 8 are Lamé functions of the 
first order, as they are found to satisfy the differential equations 


1 Pa 1 ds 


(28) - dhe , or 3 dae = 2eu + PV'1; 
, 1 &g 1 d*y 
(29) B du” or > a = 2 eu + er2; 


this follows from their expression by means of (9), (10), (14), (ui »), in the 
Weierstrass notation 
a(u +7) 


(30) Ma = e~-"8" , ete. 
cua; 
Also (2) §3 may be written 
‘ d 

(31) 2 An’ay = 7, (pe )- 

32. With lower rosettes 
(1) L'+ L=0, G'+G= 90, o+yYy=, f, zi; 
(2) a= 5= cos 36, 
(3) B= isin }0e%, y=isin p0e-“. 

With upper rosettes or intermediate paths, 
(4) L'’—-L=0, G-—-G=0, @¢-—y=9, fA=1, 0r0, 
(5) 8=y7= sin 40, 
(6) a = cos $0 e%, S=cos}Oe-“. 


With cusps on the circle z = 2 or 2, writing 


1 G — Gx? 
2 “5."*) 


= (1—#)(D—s)- (“5-): 


(7) Z=(1-#)(D-2) -5 
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then G — G'z and J) — zare factors of Z, 


(y L —_ 
(8) Ww" p> D = 2 or 2, 
({)) w= @, ore, f; + fo = 1 or 0. 


Now in the associated curve (p', @') of // in the plane /A°C" 
(10) w' = pt, d = pt—y’: 
sane a ) (2’— 2’ ) P a _ 4 .M?( D — z), 


(11 ) Ue sin@ ext = L' yo oe \ (.r’, 


and the spherical curve of C’ is rectifiable, in the form 


ad dz z— Zs 
(12) —_— = = = 2 tan! Vacs 
Jz, ¥ (2, — 2) (2 — 23) 2-2 
. =? tan—'(en mt) or 2 am(/ — wf), 
when z, and z, change places. 


33. When/, is arational fraction, so that wv, is congruent to a period, 
we can utilize the preceding results, and express (A, + 2,7) by algebraical 
functions of z: and now the wth powers of 8 and y are algebraical functions 
qualitied by exponential functions of the time. 

If we wish to construct a case of motion in which a and 6 are quasi-algebra- 
ical at the same time it will be sufficient for illustration to take f, = 2f;, so that 
", = 2v,, and now J(2v) is deduced very easily from J(v). 

As an illustration, take 
(1) "y= 703, Vg =@ + fa,, 


so that from (2) §18, (4) $27, 








(2) My = ie vi ere. +a)?—ws' 1X, +72 ‘a(1 + a)? 4+ xi V3X,)4, 
3(] — 

(3) eet. LIS —O . wn 
da 

(4) Ma = pr (VEN, + iVpX), 

(5) M? cos? 1 6 = i + 2, 

(6) E hatisevhsas 8 1. ay}, 

(7) yy? — (1+a)% — @) (l+a)(1 —_ a‘) 

da ba? 
With 
(8) 1% = $0, %=0,+40;, w= @, + Ws, 
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there are cusps on the circle z = z,; and from (4) §19, 





(9) My = ter(4(9 — B)y (x, — x) (a@ — m4) + i(2+9—P) V(x —2,)]5, 
(10) P(v,) =} (9-1), M*By=8 — 8(v,) =—2; 

(11) Ma = eh! [4(08 + B)x — 4(8 — 1) (8 4 1) 4 FVEXY), 

(12) P(m) = }(P4+3), Mad = 2(6-—1) —2, M?=2(2-1),. 








KK 























Fig. 5. 
With (L.M.S., vol. 25, p. 239 and the results of §24), 


(13) Vv; = 4@s3, Vy = @) ~ 4 w,, 


(14) My = verti! ( Pix + Ps)y (x, — rv) (2 — 2) +t? + Git + Vo)y (v—2a,)]', 


(15) P(v,) = hie + 3) (— @ + 4e4 (1), M*By =— 2"; 
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(16) Ma=em [Ret + Ry + Ry + i}x —4(c— 1) (A+ T2@— e+ 1) {vt X]), 
(17) P(v,) = (8 — @ + Te — 3), Mad = 8e(c + 1)?(e -—1) — 4, 
M?= &e(c + 1)2(e — 1); 
(13) R, =e —C + 7e— 3, 
R,=4(e—1)(— 2%&-—7— 28-46 4+8+5+4+1), 


R, = lhe(e + 1)38(e — 1)72(e + 384 + 34° — 22 —3ce— 1). 


With the original s of the standard form of J(v) in (1) §10, 
(19) s = 8e(e + 1)72(e—1) — 2, 
(20) Ma = ert ((8 — ce + Te — 3) # — A(e — 1/8 (26 + $e + 4ce—1)8 
+ lbe(e — 1)*(e + 1? +t}s —4(e- 1)*{y45]' 
(21) M?aé = 3.M?(1 + cos@) = 8: 


> 


and putting s = x*, we can halve the degree of Ma by writing it 


(22) Ma = enti [}a + 8(e = L)2iy hs, ‘ ie 2(c — Ly?rygSn]?. 


34. The geometrical interpretation of the herpolhode and associated 
motion of the top, by means of Poinsot’s rolling quadrie and Darboux’s de- 
formable hyperboloid is required for the complete treatment of the problem, 
but this would lead too far at present. .Vature, Aug., 189%, may be consulted 
for a slight sketch. 


LONDON, Marcu, 1903. 


ADDENDA ANT) ERRATA. 


Page 7. Equation (12) §7 is equivalent to 


OK? = 8? — 268! cose + 3" cc" 


sin?é = sin?" 

as is evident geometrically, so that the characteristic property of the polhode line of curvature 
depends otherwise, on equation (2), and the constancy of the lengths 4, 8’ cut off from the gen- 
erating lines of the confocal hyperboloid of one sheet througha line of curvature on an ellipsoid, 
by perpendicular planes through the centre. 

Page 18. Line 2, add — ‘+ with angular velocity 2nsh 46, sin 46,. 

Page 18. Line 12, add —‘* with angular velocity 2nch 44, cos 46,.” 

Page 20. Line 2, read ‘**= L(L? + A)? — 8L*Q — 4LB.” 
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A RELATION BETWEEN THE CIRCULAR AND THE PROJECTIVE 
TRANSFORMATIONS OF THE PLANE* 


By Epwarp Kasner 


1. Introduction. Among the transformations of the plane, those 
which play the most important rdle in modern geometry are the two men- 
tioned in the title.f The projective transformations (otherwise homographies 
or collineations) are characterized among point transformations by the property 
that straight lines are converted into straight lines; and are represented, in 
Cartesian coordinates, as follows : 


(/1) z= Mx + hy + & : y' a “— + bey + 2 :, 
3x + by + ¢ a,x + Usy + ¢ 


thus constituting a continuous group of eight parameters. The circular 
transformations, on the other hand, convert circles into circles, and are repre- 
sented most conveniently in terms of the complex variable. They divide into 
two species, those of the first taking the form 





az+8 : 

r = —+« (2= 2 + ty), 
(1)) yz 48 Y) 
while those of the second (distinguished by the reversal of angles) take the 
form 

’ az+ ° . 
(T, ) z= —= B (z=x—-— ty). 
yz +6 


The totality of circular transformations constitutes then a mixed group of six 
real parameters, composed of two continuous systems. 

The simple relation established in the present paper shows how either type 
of transformation may be obtained from the other type. It is of course use- 
less to seek for a (continuous) one to one correspondence between the two 
classes, since the number of parameters involved is not the same. But the 


effect of the relation in question may be roughly described as the establishment of 





* Read before the American Mathematical Society, February 28, 1903. 
+ See, for example, Klein’s Erlanger Programm and Hohere Geometric. 
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a correspondence between the homographies (//) on the one hand, and, on 
the other, the combinations (I, 0), each composed of a circular transforma- 
tion and a point. 

The correspondence, however, breaks down for certain special transfor- 
mations — a circumstance which is to be expected in view of the fact that in pro- 
jective geometry the infinite region of the plane is regarded as a straight line, 
while in inversion geometry it is equivalent to a point. The exceptional 
transformations are indeed those which convert the infinite region into itself. 
We shall assume then in the following, unless stated otherwise, that #7 is not 
an affinity, and Tis not a similarity. Consequently // has in each plane two 
finite points, the first and the second focus, the centres respectively of the 
corresponding congruent and symmetric pencils of rays ;* and T has, in each 
plane, a unique finite point, the pole, which corresponds to the infinite point 
in the other plane. f 


2. From Circular to Projective Transformations. We proceed 
now to the relation in question. Consider a circular transformation T and a 
finite point O which does not coincide with the pole of [. Denote the cor- 
responding point, necessarily finite, in the second plane, by O’. Any circle 
through 0 is converted by [ into a circle through O'. But to each of these 
circles there corresponds a unique point, its center. In this way, we obtain a 
certain transformation, //, not coinciding with [', whose effect upon any point 
P is described as follows: Construct the circle y passing through O and having 
P for center; this is converted by [ into a circle y' passing through O'; the 
center of 7’ is the point /” required. 

We now prove that the transformation I, so obtained, is a homography, by 
showing that any straight line is converted into a straight line. Consider any 
line 7. The circles passing through O and having their centers on 1, form a 

- pencil. These circles are converted by [ into circles through O/ which also 
form a pencil. Therefore the centers lie ona line /’.. This proves the result 
stated. 

The construction for /’ may be described more simply as follows: Con- 
struct the image of O with respect to /, say/?; next the point P” into which P 





* H. F. S. Smith, The focal properties of homographic figures, § 5, Proc. Lond. Math. Soc. 
(1869) or Collected Mathematical Papers, vol. 1, p. 549. According to the historical note at the 
end of this memoir, Magnus and Chasles in their investigations considered only the first focus. 

+ Mobius, Theorie der Kreisverwandtschaften in rein geometrischer Darstellung, §6, 
Gesammelte Werke, vol. 2. 
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is converted by ['; finally the mid-line of the points O’ and FP’; this is the re- 
quired line 7’. 

This construction fails, however, if the line 7 passes through O; but in 
this case the line /’ passes through 0’, and is easily obtained by taking any 
circle y tangent to / at O; the linel’ is then tangent to the circle y' into which 
I converts y. It follows that the angle of any two lines passing through O, 
is equal to the angle of the corresponding lines through O', being reversed in 
direction however if T° is of the second species. Hence the point O is a focus 
of //. The result obtained may be stated : 

THeoreM I. Toa circular transformation T, and a point O which is 
not its pole, corresponds a unique collineation H. The point O is the first or 
second focus of H according as T is of the first or second species.* 


3. From Projective to Circular Transformations. The // obtained 
of course depends, in general, upon both T and O; so that a single circular 
transformation gives rise to «* collineations,t corresponding to the x? posi- 
tions of U. It seems plausible that we obtain, by the above construction, the 
totality of collineations, or at least all those possessing foci. The exact 
theorem follows: 

THEOREM I]. To any homography H which is not an affinity, there cor- 
respond two combinations (1, O), composed of a circular transformation and 
a point, each of which gives rise to H. In one of these, (U,, F,), the transfor- 
mation is of the first species, and the point is the first focus of H; while in the 
other, (T,, Fy), the transformation is of the second species and the point is the 
second focus of H. 

For the proof, we note first that the point O must be a focus of H. Con- 
sider then either focus F’, and the corresponding point F” in the other plane. 
Take any three points A, B, C, such that no three of the four points 
F, A, B, C are collinear; and let the corresponding points be A’, B’, C’. 
Consider the circles a, 8, y passing through F' and having A, B, C for cen- 
ters ; and similarly the circles a’, 8’, y' passing through F” and with centers at 





* For the exceptional case noted in the introduction, when I is a similarity S, the first 
part of the result still holds. The homography obtained is then simply S. Even the second 
part may be said to hold, since in the case of a similarity any point has the property of a focus. 

+ It may be remarked that these do not form a group. 

t In the case of any affinity no focus exists, except when it is merely a similarity S; in the 
latter case, any point may be considered as a focus, so that the corresponding combinations are 
(S, 0), where O is any point. 
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A’, B,C’. We have thus in each plane a set of three circles of a bundle. 
Since the angle of any two circles of either bundle is equal to the angle between 
the lines drawn from the focus to the centers, it follows that corresponding 
angles in the two bundles are equal. Hence there exists a unique circular 
transformation [ which converts a, 8, y into a’, 8’, y' respectively. This trans- 
formation [ together with the point /’ gives rise, by Theorem I, to a unique 
homography. It is easily seen that the homography so obtained converts 
F, A, B, C into F’, A’, B', C', and therefore coincides with the given colline- 
ation //. This completes the proof of (II). 

The effect of [ may be described as follows : Consider any point 7’; con- 
struct the mid-line/ of F' and 7; next the line /’ into which / is converted by 
H; finally the image of O’ with respect to /': this is the point /” which corre- 
sponds, by IT, to the original point 1. 


4. Analytical Representation of the Relation. By a proper 
choice of the system of axes in each plane, it is possible to reduce the general 
collineation H to the following metrically normal form ;* 


(1) v == —, =: 


The origin in each plane is the point midway between the two foci, and the 
axis of abscissas is the line joining the foci; the axis of ordinates is then the 
vanishing line. In the first plane the foci are 

(2) F,: (—¢, O); Fy: (c, 0). 

The corresponding circular transformations are obtained by following out, 
step by step, the construction given at the end of the preceding section ; the 
results are : 
git 


(3) Mh: gs oS, 
z— 3c 

4 r, > z' =_=—_ cd ——_______— 

(4) a 


We note from these normal forms, that the pole of [, is Fy, the second 
Jocus of H, and the pole of T, is F, the first focus of H. The coordinate 








* Cf. §15 of Smith’s memoir, cited above. 
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system may therefore be defined anew, with reference to the combination 


(T, F’), as follows: the origin is the point midway between F and the pole of 


I, and the axis of abscissas the line joining the same points. 

We now inquire concerning those points upon which H and I have the 
same effect. Considering in the first place T',, we find from ( 1) and (3) that 
the points in question satisfy the condition 


c(e+ iy) c(x+ty + 3c) 
—_” gees 
which reduces to . 
(2 ‘ c)? + ¥ — (). 


+] 


This represents the null circle whose center is F. Similarly, comparing (4) 
and (1), we obtain 
(ec + ty) om a(x _ iy — c) 
-_e r— ay +c 





which reduces to 
(x—c)?+ y?=0, 
and represents the null circle with center at F,. 

[f the homography H corresponds to the combination (UT, O), then the 
only real point upon which Hand T have the same effect is the point O. ~The 
imaginary points having the property in question lie on the minimal lines 
through O. 

It is easy to determine the direct relation of the combinations (I, 7) and 
(T,, F,), that is, the relation in a form independent of the homography // which 
both define. For this purpose, we observe that (4) may be decomposed in- 
to the following three transformations : 

; , w+ de , - 


w=—2z, w=Cc . s=-—wa, 
w—cCc 





of which the first represents central symmetry with respect to the origin in 
the first plane, the second is simply [',, and the third represents symmetry 
with respect to the axis of ordinates in the second plane. Hence the result : 

To any combination (1, F,), consisting of a circular transformation and 
a point, corresponds a xecond combination (T;, F,) as follows: the point Fy is 
the pole of T,; and T, is generated by central symmetry with respect to the mid- 
point of Fy, F, followed by T,, followed by symmetry with respect to the mid- 
line of the points Fi, Fy; where Fj is the point into which YT, transforms F;, 
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and F!} is the center of the circle into which T, transforms the circle passing 
through F, with center F,. The transformations 1, T, are opposite in species, 
PM des and the correspondence considered is mutual. 





re 


5. Applications to Invariant Relations. Consider any system 
of circles passing through a common point O and having their centers on an 
algebraic curve c, of the nth order. Any circular transformation converts such 
a system into a system of the same kind; for the centers undergo a projective 
transformation and hence still lie on a curve c!, of nth order. In the case n= 1, 
the system is merely a pencil of circles, and the theorem gives a well-known 
result. For n = 2, the theorem announces that a system of circles passing 
through a common point and with centers lying on a circle, or more generally 
any conic, is converted into a system with centers lying on a conic. 

Any projective relation among the centers of a set of circles of a bundle, 
corresponds thus to a relation among the circles which is invariant under the a. 
; Nee group of circular transformations. Consider any number of such circles 
Vis 2. * - - passing through the point O; let the centers be P,, P;,--- Then 
any projective absolute invariant of the points P,, P3, - + -, or more generally 
of these points together with O, gives an absolute invariant (with respect to cir- 
f oy cular transformations) of the circles y,,%, °°: . 

k “a For example, consider three circles touching each other at a point. The 

i three centers and the point of contact are collinear. The anharmonic ratio of 
these four points is then an absolute invariant of the three circles. This is 
perhaps the simplest example of a circular absolute invariant which is not ex- 
pressible in terms of the various angles of intersection. If we take the 
more general case of four circles through a point, then the anharmonic ratio of 
the lines joining say P, to P,, P;, 2, O is an absolute invariant of the circles, 
which can in general be expressed in terms of angles. 
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